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In the quantum Hall effect, electrons move relatively freely in the layer between the semi-conduc-
tors and form something called a topological quantum fluid. In the same way as new properties 
often appear when many particles come together, electrons in the topological quantum fluid also 
display surprising characteristics. Just as it can’t be ascertained whether there is a hole in a coffee cup 
by only looking at a small part of it, it is impossible to determine whether electrons have formed a 
topological quantum fluid if you only observe what is happening to some of them. However, con-
ductance describes the electrons’ collective motion and, because of topology, it varies in steps; it is 
quantised. Another characteristic of the topological quantum fluid is that its borders have unusual 
properties. These were predicted by the theory and were later confirmed experimentally. 

Another milestone occurred in 1988, when Duncan Haldane discovered that topological quantum 
fluids, like the one in the quantum Hall effect, can form in thin semiconductor layers even when 
there is no magnetic field. He said he’d never dreamed of his theoretical model being realised experi-
mentally but, as recently as 2014, this model was validated in an experiment using atoms that were 
cooled to almost absolute zero. 

New topological materials in the pipeline
In much earlier work, from 1982, Duncan Haldane made a prediction that amazed even the experts in 
the field. In theoretical studies of chains of magnetic atoms that occur in some materials, he discove-
red that the chains had fundamentally different properties depending on the character of the atomic 
magnets. In quantum physics there are two types of atomic magnets, odd and even. Haldane demon-
strated that a chain formed of even magnets is topological, while a chain of odd magnets is not. Like 
the topological quantum fluid, it is not possible to determine whether an atomic chain is topological 
or not by simply investigating a small part of it. And, just as in the case of the quantum fluid, the 
topological properties reveal themselves at the edges. Here, this is at the ends of the chain, because 
the quantum property known as spin halves at the ends of a topological chain. 

Initially, no one believed Haldane’s reasoning about atomic chains; researchers were convinced that 
they already completely understood them. But it turned out that Haldane had discovered the first 
example of a new type of topological material, which is now a lively field of research in condensed 
matter physics.
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Fig 3. Topology. This branch of mathematics is interested in properties that change step-wise, like the number of holes in the above 
objects. Topology was the key to the Nobel Laureates’ discoveries, and it explains why electrical conductivity inside thin layers chan-
ges in integer steps. 

• Quantum Hall Effect: quantized conductivity 
• DJT: Topological quantum numbers

Talk more about Hall Effect later… 

Example: genus



E field from (more) 
continuous charge 

distributions…
Lecture 4.



Reading for next time

• 22-2 to 22-3: Flux and Gauss Law



Clicker



• Use the definition of the Electric field:

Demo: Application of forces 
generate by the E field

~FNet,0 = q0 ~E

Ink jet printer Cathode Ray Tube (CRT)



Demos for field lines



E field lines

• Lines start/end at +/- charges 
(or ∞) 

• Number of lines starting/
ending is ∝ |charge| 

• Lines emanating/terminating 
are uniformly spaced 

• Density of lines is ∝ |E| 

• Lines are tangent to E field 
• Lines are radial and equally 
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E field lines

• Lines start/end at +/- charges (or 
∞)  

• Number of lines starting/ending is 
∝ |charge| 

• Arrow is the direction of the Field 
• Lines emanating/terminating are 

uniformly spaced 

• Density of lines is ∝ |E| 

• Lines are tangent to E field 
• Lines are radial and equally 

spaced →∞-6 -4 -2 0 2 4 6
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Field lines: Opposite 
charges



Field lines: Like charges



Field lines: Opposite but 
unequal charges



What is a dipole?
• What happens when a 

charge distribution has 0 net 
charge 

• Introduce dipole moment:

+q−q

~L

~p = q ~L



Field from a dipole
• E fields almost 

cancel 

• Derive: 

• Result:

~E =
k

r3
[3r̂(r̂ · ~p )� ~p ]



Dipoles feel force in non-
uniform fields

• Dimensional analysis



Torque and energy for a 
dipole in an E field

• Torque: 

• Energy: 

~⌧ = ~r ⇥ ~F

dW = �⌧ d✓



Torque and energy for a 
dipole in an E field

• Torque: 

• Energy: W = �~p · ~E

~⌧ = ~p⇥ ~E



Summary of field scaling
Charge 

configuration Symbol Illustration Asymptotic 
field

quadrupole Qij

dipole pi

point charge q

line charge λ

plane charge σ

…

/ r�4

/ r�3

/ r�2

/ r�1

/ r0

+Q −Q

−Q +Q

+Q −Q

+Q



Electric Flux
• Definition of Electric Flux: 

• Meaning of flux:  
~ Number of field lines  
passing through  
a surface

�M =

I

M
d2A n̂ · ~E

d2An̂

~E

M



Flux: water analogy

How much water is flowing down the Amazon?


